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Abstract—A three-dimensional (3-D) theoretical model for
MIMO mobile-to-mobile (M-to-M) multipath fading channels is
proposed and its spatial correlation function is derived. This
correlation function is used to evaluate the effect of spatial
correlation on the capacity of uniform linear antenna arrays. The
effects of antenna spacing and antenna orientations on capacity
are studied.

I. I NTRODUCTION

Mobile-to-mobile (M-to-M) channels, where both the trans-
mitter (Tx) and the receiver (Rx) are in motion and equipped
with low elevation antennas, find application in mobile ad-
hoc wireless networks, intelligent transportation systems, and
relay-based cellular networks. To successfully design M-to-
M systems, it is necessary to have a detailed knowledge
of the multipath fading channel and its statistical properties.
Early studies of single-input-single-output (SISO) M-to-M
Rayleigh fading channels are reported in [1], [2], wherein a
reference model was proposed for SISO M-to-M Rayleigh fad-
ing channels. Simulation models for SISO M-to-M channels
have been proposed in [3]-[5]. Recently, reference models for
narrow-band multiple-input-multiple-output (MIMO) M-to-M
channels have been proposed in [6], [7]. Simulation models
for MIMO M-to-M channels have been proposed in [8], [9].

A common feature of the above models is that the incident
waves are assumed to travel horizontally, i.e. they are two-
dimensional (2-D) models. For conventional fixed-to-mobile
(F-to-M) cellular radio channels, Aulin [10] showed that the
2-D scattering models inaccurately predict the power spec-
tral density and cross-correlation between antennas that are
spatially separated in the vertical plane. Hence, our paper
proposes a three-dimensional (3-D) theoretical model for out-
door MIMO M-to-M multipath fading channels. From the 3-D
theoretical model, we derive a spatial correlation function for
a 3-D non-isotropic scattering environment.

Antenna arrays hold an important role in designing
bandwidth–efficient M-to-M systems. For most scattering en-
vironments, antenna spacing can have a significant effect on
capacity and diversity. In this paper, using our 3-D spatial
correlation function, we evaluate the effect of spatial correla-
tion on the outage capacity of uniform linear antenna arrays
(ULAs). The effects of antenna spacing and antenna orien-
tations on the outage capacity are studied. Our results show

0

Prepared through collaborative participation in the Collaborative Technology
Alliance for Communications & Networks sponsored by the U.S. Army
Research Laboratory under Cooperative Agreement DAAD19-01-2-0011. The
U.S. Government is authorized to reproduce and distribute reprints for
Government purposes notwithstanding any copyright notation thereon.

that increasing distances between antenna elements in ULAs
beyond2λ has negligible effect on capacity. Furthermore, it
is observed that when the radio propagation environment is
characterized by 2-D isotropic scattering, orientations of the
Tx andRx antenna arrays in thex-y plane have no influence
on capacity. This property of M-to-M channels is contrary
to F-to-M channels, where broadside antenna arrays (array
elements placed on they-axis) provide higher capacity than
the inline antenna arrays (array elements placed on thex-
axis) [11]. When the outdoor radio propagation environment
is characterized by 2-D non-isotropic scattering, the optimum
capacity depends on the relative angle between theTx (Rx)
antenna array and the orientation of local scatterers around the
Tx (Rx). Finally, our results show that if the available area in
the x-y plane is insufficient for the antenna array realization,
the antenna array can be tilted without a significant loss of
capacity.

The remainder of the paper is organized as follows. Sec-
tion II introduces a 3-D theoretical model for MIMO M-
to-M channels and derives the corresponding spatial correla-
tion function for a 3-D non-isotropic scattering environment.
Section III evaluates effects of spatial correlation on the
outage capacity of ULAs. Finally, Section IV provides some
concluding remarks.

II. A 3-D T HEORETICAL MODEL AND ITS SPATIAL

CORRELATION FUNCTION

This paper considers a narrow-band MIMO communication
system withLt transmit andLr receive omnidirectional an-
tenna elements. It is assumed that both theTx andRx are in
motion and equipped with low elevation antennas. The radio
propagation environment is characterized by 3-D scattering
with non-line-of-sight (NLoS) propagation conditions between
the Tx andRx.

In this section, we introduce a 3-D theoretical model for
outdoor MIMO M-to-M channels and derive its spatial correla-
tion function. The starting point is a geometrical two-cylinder
model for a MIMO M-to-M channel withLt = Lr = 2
antenna elements shown in Fig. 1. The two-cylinder model
is an extension of the one-cylinder model for F-to-M channels
proposed in [10], [12]. By taking into account local scattering
around both theTx andRx we obtain our two-cylinder model.

The two-cylinder model defines two cylinders, one around
theTx and another around theRx, as shown in Fig. 1. Around
the transmitter,M fixed omnidirectional scatterers lie on a
surface of a cylinder of radiusRt, and themth transmit
scatterer is denoted byS(m)

T . Similarly, around the receiver,N



fixed omnidirectional scatterers lie on the surface of a cylinder
of radiusRr, and thenth receive scatterer is denoted byS

(n)
R .

The distance between the centers of theTx andRx cylinders
is D, and the spacing between antenna elements at theTx

andRx is denoted bydT anddR, respectively. It is assumed
that max{dT , dR} ¿ max{Rt, Rr} ¿ D. AnglesθT andθR

describe the orientation of theTx andRx antenna array in the
x-y plane, respectively, relative to thex-axis. Similarly, angles
ψT andψR describe the elevation of theTx andRx antenna
array relative to thex-y plane, respectively. The symbolsα

(m)
T

andα
(n)
R denote the azimuth angle of departure (AAoD) and

the azimuth angle of arrival (AAoA), respectively. Similarly,
the symbolsβ

(m)
T and β

(n)
R denote the elevation angle of

departure (EAoD) and the elevation angle of arrival (EAoA),
respectively. Finally, the symbolsεpm, εmn, and εnq denote
distancesA(p)

T –S
(m)
T , S

(m)
T –S

(n)
R , andS

(n)
R –A

(q)
R , respectively,

as shown in Fig. 1.
The received complex faded envelope of the linkA

(p)
T −A

(q)
R

is

hpq = lim
M,N→∞

√
1

MN

M,N∑
m,n=1

e−j 2π
λ (εpm+εmn+εnq)+jφmn , (1)

where theφmn are random phases uniformly distributed on the
interval [−π, π) andλ is the carrier wavelength. The distances
εpm, εmn, andεnq are, respectively,

εpm ≈ Rt − dT (Lt + 1− 2p)
2

{
sin ψT sin β

(m)
T (2)

− cos ψT cosβ
(m)
T

(
cos θT cosα

(m)
T + sin θT sin α

(m)
T

) }
,

εnq ≈ Rr − dR(Lr + 1− 2q)
2

{
sin ψR sin β

(n)
R (3)

− cos ψR cosβ
(n)
R

(
cos θR cos α

(n)
R + sin θR sin α

(n)
R

)}
,

εmn ≈ D. (4)

Derivations of expressions (2) - (4) are omitted for brevity.
Using (2) - (4), the complex faded envelope of the linkA

(p)
T −

A
(q)
R can be rewritten as

hpq = lim
M,N→∞

1√
MN

M,N∑
m,n=1

ejφmn+jφ0ap,mbn,q, (5)

whereφ0 = −2π (Rt + Rr + D) /λ and parametersap,m and
bn,q are defined as

ap,m = ej π
λ dT (Lt+1−2p) sin ψT sin β

(m)
T × (6)

e
j π

λ dT (Lt+1−2p) cos ψT cos β
(m)
T

�
cos θT cos α

(m)
T +sin θT sin α

(m)
T

�
,

bn,q = ej π
λ dR(Lr+1−2q) sin ψR sin β

(n)
R × (7)

e
j π

λ dR(Lr+1−2q) cos ψR cos β
(n)
R

�
cos θR cos α

(n)
R +sin θR sin α

(n)
R

�
.

Assuming an outdoor 3-D non-isotropic scattering environ-
ment, we now derive the spatial correlation function of the
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Fig. 1. The two-cylinder model for outdoor MIMO M-to-M channel with
Lt = Lr = 2 antenna elements.

complex faded envelope described in (5). The normalized spa-
tial correlation function between two complex faded envelopes
hpq andhp̃q̃ is defined as

Rpq,p̃q̃[dT , dR] =
E

[
hpqh

∗
p̃q̃

]
√

E[|hpq|2]E[|hp̃q̃|2]
, (8)

where ( · )∗ denotes complex conjugate operation,E[ · ]
is the statistical expectation operator,p, p̃ ∈ {1, . . . Lt}, and
q, q̃ ∈ {1, . . . Lr}. Using (5) and (8), the spatial correlation
function can be written as

Rpq,p̃q̃[dT , dR] = lim
M,N→∞

1
MN

M,N∑
m,n=1

E[ap,mbn,qa
∗
p̃,mb∗n,q̃]. (9)

Since the number of local scatterers in the the complex
faded envelope in (5) is infinite, the discrete AAoDs,α

(m)
T ,

EAoDs, β
(m)
T , AAoAs, α

(n)
R , and EAoAs,β(n)

R , can be re-
placed with continuous random variablesαT , βT , αR, and
βR with probability density functions (pdf)f(αT ), f(βT ),
f(αR), andf(βR), respectively. To characterize the continu-
ous random variablesαT andαR, we use the von Mises pdf
[13]

f(θ) =
1

2πI0(k)
exp [k cos(θ − µ)], (10)

where θ ∈ [−π, π), I0( · ) is the zeroth-order modified
Bessel function of the first kind,µ ∈ [−π, π) is the mean
angle at which the scatterers are distributed in thex - y plane,
and k controls the spread of scatterers around the mean. To
characterize random variablesβT andβR, we use the pdf [12]

f(ϕ) =

{
π

4|ϕm| cos
(

π
2

ϕ
ϕm

)
, | ϕ |≤| ϕm |≤ π

2

0 , otherwise
, (11)

whereϕm is the maximum elevation angle and takes values
in the range10◦ ≤| ϕm |≤ 20◦ [14]. It is assumed that the
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angles of departure (αT and βT ) and the angles of arrival
(αR and βR) are random variables, and that the angles of
departure are independent from the angles of arrival. The
von Mises pdfs for theTx and Rx azimuth angles are
denoted asf(αT ) = exp [kT cos(αT − µT )]/(2πI0(kT )) and
f(αR) = exp [kR cos(αR − µR)]/(2πI0(kR)), respectively.
The pdfs for theTx and Rx elevation angles are denoted
as f(βT ) = π cos(πβT /(2βTm

))/(4|βTm
|) and f(βR) =

π cos(πβR/(2βRm))/(4|βRm |), respectively. By grouping the
terms in (9) into those containingαT and βT and those
containingαR and βR, using trigonometric transformations,
and applying the equality

∫ π

−π
exp {a sin(c) + b cos(c)}dc =

2πI0

(√
a2 + b2

)
[15, eq. 3.338-4], the spatial correlation

function becomes

Rpq,p̃q̃[dT , dR] = RT
p,p̃[dT ]RR

q,q̃[dR] = (12)

∫ βTm

−βTm

πcos
(
π

2
βT

βTm

) ej
2πdT (p̃−p) sin ψT sin βT

λ I0

(√
x2 + y2 cos βT

)
dβT

4|βTm |I0(kT )
∫ βRm

−βRm

πcos
(
π

2
βR

βRm

)
ej

2πdR(q̃−q) sin ψR sin βR
λ I0

(√
z2 + w2cos βR

)
dβR

4|βRm |I0(kR)
,

where parametersx, y, z, andw are

x ≈ j2πdT (p̃− p) cos θT cosψT /λ + kT cosµT ,

y ≈ j2πdT (p̃− p) sin θT cos ψT /λ + kT sin µT , (13)

z ≈ j2πdR(q̃ − q) cos θR cos ψR/λ + kR cos µR,

w ≈ j2πdR(q̃ − q) sin θR cosψR/λ + kR sin µR.

The integrals in (12) must be evaluated numerically, because
they do not have closed-form solutions. SinceβT andβR are
small angles, i.e.,| βT |, | βR |≤ 20◦, using approximations
cosβT , cosβR ≈ 1, sin βT ≈ βT , andsin βR ≈ βR, the spatial
correlation function can be approximated as [16]

Rpq,p̃q̃[dT , dR]≈
I0

(√
x2 + y2

)
cos

(
2π
λ βTmdT (p̃− p) sin ψT

)

I0(kT )
[
1−

(
4βTmdT (p̃−p) sin ψT

λ

)2
]

×I0

(√
w2 + z2

)
cos

(
2π
λ βRmdR(q̃ − q) sin ψR

)

I0(kR)
[
1−

(
4βRmdR(q̃−q) sin ψR

λ

)2
] . (14)

III. E FFECT OFSPATIAL CORRELATION ON THEOUTAGE

CAPACITY OF UNIFORM L INEAR ANTENNA ARRAYS

A. Review of MIMO Channel Capacity

The normalized channel capacity (inbit/s/Hz) of a sto-
chastic MIMO channel, under an average transmit power
constraint, is given by [17]

C = log2 det
(

ILr +
ρ

Lt
HHH

)
, (15)

where it is assumed thatLt ≥ Lr, the transmitter has
no channel knowledge, and the receiver has perfect channel
knowledge. In (15),H = [hij ]Lr×Lt is the matrix of the
complex faded envelopes,( · )H denotes the transpose
conjugate operation,det( · ) denotes the matrix determinant,

ILr
is the Lr × Lr identity matrix, andρ is the average

signal-to-noise ratio (SNR). In the practice, the outage capacity
is often used to characterize the properties of the MIMO
channel. The outage capacityCout is associated with an outage
probability Pout which gives the probability that the channel
capacity,C, falls belowCout.

The channel matrixH can be generated as a product of a
white channel matrix and the square root of desired correlation
matrices [17], i.e.,

H = (RT [dT ])1/2 G (RR[dR])T/2
, (16)

where G is an Lt × Lr stochastic matrix with complex
Gaussian i.i.d. entries,( · )1/2 denotes the matrix square root
operation, andRT [dT ] andRR[dR] are theLt × Lt transmit
and theLr×Lr receive spatial correlation matrix, respectively.
The elements of matricesRT [dT ] and RR[dR] are obtained
using (14).

B. Simulation Results

In this section, the effect of spatial correlation on the
outage capacity of uniform linear antenna arrays (ULAs) is
investigated. In all simulations, we use a normalized sampling
period fTmaxTs = 0.01 (fTmax = fRmax are the maximum
Doppler frequencies andTs is the sampling period) and
calculate the outage capacityCout for a 1% outage proba-
bility. Unless indicated otherwise, the following parameters
are used: the maximum elevation angles are chosen to be
βTm = βRm = 15◦; the SNR is set to 10dB; the number of
transmit and receive antennas is set to 3, i.e.,Lt = Lr = 3 and
the antenna arrays havedT = dR = 1λ; the orientations of the
Tx and Rx antenna arrays are chosen to beθT = θR = π/4
and ψT = ψR = π/3; it is assumed that the local scatterers
are centered around thex-axis, i.e.,µT = 0◦ andµR = 180◦,
andkT = kR = 10.

0 2 4 6 8 10
1

2

3

4

5

6

7

8

9

 d
R
=0.1λ

 dR=0.2λ
 dR=0.5λ
 dR=1λ
 dR=2λ
 dR=5λ

C
ou

t [
bi

ts
/s

/H
z]

dT/λ

 Fig. 2. Outage capacity as a function of spacing between theTx and Rx

antenna array elements.

Fig. 2 shows the outage capacity as a function of spacing
between theTx and Rx antenna array elements. We can
observe that increasing antenna distancesdT and dR up to
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2λ increases the capacity from4.3 bit/s/Hz to 8.2 bit/s/Hz.
However, increasing antenna distancesdT anddR beyond2λ
has negligible effect on the capacity.

For the Tx and Rx antenna arrays placed in thex - y
plane, Fig. 3 shows the influence of theTx and Rx antenna
array orientations on the capacity. To analyze antenna array
orientations only in thex - y plane, maximum elevation angles
βTm

and βRm
are set to zero. From Fig. 3 we can observe

that when 2-D isotropic scattering is assumed (kT = kR = 0),
orientations of theTx andRx antenna arrays have no influence
on the capacity. Note that this property of M-to-M channels is
in contrast to F-to-M channels, where the broadside antenna
arrays (θT = θR = 90◦) provide higher capacity than the
inline antenna arrays (θT = θR = 0◦) [11]. When 2-D non-
isotropic scattering is assumed (kT , kR > 0), Fig. 3 plots the
outage capacity as a function of theTx andRx antenna array
orientations for local scatterers centered around thex-axis,
i.e., µT = 0◦ and µR = 180◦. We can observe that capacity
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 Fig. 3. Outage capacity as a function of theTx and Rx antenna array
orientations,θT andθR, for the local scatterers centered around thex-axis,
i.e., µT = 0◦ andµR = 180◦.

is the lowest for inline antenna arrays (θT = θR = 0◦) and
the highest for broadside antenna arrays (θT = θR = 90◦).
Increasing antenna anglesθT andθR from 0◦ to 45◦ increases
capacity for2.6 bit/s/Hz. However, further increase of an-
tenna anglesθT and θR from 45◦ to 90◦ increases capacity
for only 0.6 bit/s/Hz. This implies that the optimum capacity
will be obtain if anglesθT andθR are between45◦ and90◦.
However, if local scatterers are centered around they-axis,
(i.e., µT = 90◦ and µR = 270◦) capacity will be the lowest
for broadside antenna arrays (θT = θR = 90◦) and the highest
for inline antenna arrays (θT = θR = 0◦). This implies that
the optimum capacity depends on the relative angle between
the Tx antenna array and the local scatterers around theTx,
i.e.,µT−θT , and on the relative angle between theRx antenna
array and the local scatterers around theRx, i.e., µR − θR.

Figs. 4 and 5 show the influence of theTx andRx antenna
elevation angles on the capacity. To study the influence of
antenna elevation angles, we set anglesθT andθR to 90◦ and
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 Fig. 4. Outage capacity as a function of theTx and Rx antenna array
elevations,ψT andψR, for kT = kR = 0.

assume that local scatterers in thex - y plane are centered
around thex-axis. From Fig. 3 we can observe that this
selection of anglesθT andθR will give us the highest capacity.
In Fig. 4, the degree of local scattering in thex - y plane
is kT = kR = 0. We can observe that increasing antenna
anglesψT and ψR from 0◦ to 70◦ has small influence on
the capacity. Further increase of antenna elevation angles
drastically decreases the capacity. In Fig. 5, the degree of local
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 Fig. 5. Outage capacity as a function of theTx and Rx antenna array
elevations,ψT andψR, for kT = kR = 10.

scattering in thex - y plane is increased tokT = kR = 10.
By increasing antenna anglesψT and ψR from 0◦ to 45◦,
the capacity decreases by only0.3 bit/s/Hz. Further increase
of antenna elevation angles drastically decreases the capacity.
Figs. 4 and 5 imply that if available area in thex-y plane is
not sufficient for realization, the antenna array can be tilted
without significant loss of capacity. Finally, Figs. 6 and 7
study the effect of non-isotropic scattering on capacity. The
orientations of theTx and Rx antenna arrays are chosen to
be θT = θR = π/4 andψT = ψR = π/4. Fig. 6 shows how
the capacity depends on the degree of local scattering in the
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 Fig. 6. Dependence of outage capacity on the degree of local scattering in
the x - y plane, i.e.,kT , kR.
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 Fig. 7. Outage capacity as a function of the maximum elevation anglesβTm

andβRm .

x - y plane, i.e.,kT and kR. As the parameterskT and kR

increase, the scattering in thex-y plane becomes more non-
isotropic, leading to lower capacity. Fig. 7 shows the capacity
as a function of the maximum elevation anglesβTm and
βRm . We can observe that by increasing maximum elevation
anglesβTm and βRm from 1◦ to 20◦ the capacity increases
up to 1 bit/s/Hz. This result implies that the 2-D models
underestimate available capacity by up to1.2 bit/s/Hz.

IV. CONCLUSIONS

In this paper, a 3-D theoretical model for outdoor MIMO
M-to-M fading channels is proposed and its spatial correlation
function is derived. Using this correlation function, the effect
of space-time correlation on the outage capacity of ULAs is
evaluated. The results show that increasing distance between
antenna elements in ULAs beyond2λ has negligible effect on
the capacity. Furthermore, when the radio propagation environ-
ment is characterized by 2-D isotropic scattering, orientations
of the Tx and Rx antenna arrays in thex-y plane have no

influence on the capacity. When the radio propagation envi-
ronment is characterized by 2-D non-isotropic scattering, the
optimum capacity depends on the relative angle between the
Tx (Rx) antenna array and the orientation of local scatterers
around theTx (Rx). Finally, the results show that if available
area in thex-y plane is not sufficient for the antenna array
realization, the antenna array can be tilted without significant
loss of capacity.
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